Abstract
Introduction
The terrain model acquisition problem (TMAP) deals with robots autonomously acquiring a complete model of a terrain (or environment) by systematically visiting portions of it. The motivation for this problem is at least two-fold. (a) Efficiency in Future Navigation: Once the terrain model is completely acquired, the navigation algorithms of known terrains can be employed for path planning with two potential advantages. First, the sensors may be switched off (at least in theory) in future navigation, thereby avoiding the time-consuming sensor operations involved in the acquisition and processing of sensor data. Second, navigation paths with the shortest distance between the start and goal positions may be computed using the terrain model. (b) Assistance to Human Model Builders: In applications involving mobile robots in indoor environDePauw University Greencastle, IN 46135 ments for repetitive operations, typically a human operator is in charge of model building, which is tedious and time-consuming. Robots capable of autonomous terrain model acquisition (even in only small parts of the terrain) can be employed to relieve the operator from part of the work.
The TMAP for polyhedral or polygonal terrains has been solved in [ l l , 10, 12, 91 for the case of a discrete vision sensor. The TMAP for a robot equipped with a continuous vision sensor has been solved in [8, 91 . To our knowledge, the problem of model acquisition of an unknown terrain by a team of robots has not been addressed in the formulation of convergent algorithms.
This problem, however, has been studied by a number of researchers using different formulations. For example, Ishioka et al. [6] describe a cooperative map generation by heterogeneous autonomous mobile robots (also see Dudek et al. [3] ). A cooperative recognition system for the environment using multiple robots has been developed by Ishiwata et al. [7] .
Our formulation is close in spirit to the mazeexploration by two pebble automata studied by Blum and Kozen [l] . The communication between the pebble automata is achieved by using the pebbles, while in our case the robots can store and transmit information with arbitrary precision.
For unknown terrains, the recent study by Harinarayan and Lumelsky [5] indicates that the simultaneous navigation of two robots cannot be solved if no "cooperation" is present between them. Note that our overall objective is different from theirs in two ways, namely: (a) we are interested in terrain model acquisition, and (b) we wish to explore the cooperation mechanisms so that the objective can be achieved more effectively by a team of robots instead of a single robot. In "very bad " cases, e. g. the robots are initially located at one end of' a "long narrow polygonal corridor", there may not be any advantage in employing a team of robots. However, if the terrain has "branches", a team is likely to acquire the terrain faster than one robot.
We prove that the terrain model acquisition method based on the Restricted Visibility Graph (RVG) method [lo] can be advantageously implemented by a team of two or three robots. In particular, if all obstacles are convex, the sensing time can be essentially reduced by a factor of 1/n for n = 2,3. The performance of the algorithm for general terrains depends on the number of concave regions and their depths. To tackle this situation, a hierarchical decomposition of the restricted visibility graph into n-connected and ( n -1)-or-less-connected components is proposed. The performance for the n(= 2,3) robot team is expressed in terms of the sizes of n-connected components, and the sizes and diameters of ( n -1)-or-less connected components. This analysis highlights the critical properties such as 2-and 3-connectivity1 depth of hierarchy, etc. that support or impede the parallel acquisition of the terrain model. Preliminaries are described in Section 11. The TMAP in convex polygonal terrains, and along tree and 2-connected structures are discussed in Sections I11 and IV respectively. The TMAP in polygonal terrains is considered in Section V.
Preliminaries
We consider a finite two-dimensional terrain cluttered by a finite and non-intersecting set of polygonal obstacles. An obstacle vertex is convex if the angle included inside the obstacle by the edges that meet at this vertex is less than 180 degrees; otherwise the obstacle vertex is concave.
Two points p and q in plane are vzszble to each other if the line segment joining p and q , denoted by Pq, lies entirely outside the interior of all obstacle polygons.
The robot, denoted by R, is point-sized and equipped with a vision sensor. A dzscrete vzszon sensor is characterized by a scan operation: a scan operation performed from a position (point) p returns the 212s-ibility p o l y g o n of p that consists of all points in the terrain visible to p (Fig. 1) . We assume that the most time consuming-part of the robot operation is the scan operation. In vision-based robots, each scan may take several minutes including the time required to acquire and process the sensory data. The total senszng tame is given by the number of scan operations performed by the robot(s) in sequence. The robots communicate with each other via a wireless connection.
Let IGI denote the number of nodes of the graph GI and let the diameter of G I given by the number of JVe shall also use some terminology from graph theory, e. g. connectivity, condensation, decomposition, etc., whose definitions can be found in books on graph theory (e. g. Harary [4] ).
The restricted visibility graph is defined as follows 
Convex Polygonal Terrains
In this section, we consider terrains composed of convex polygonal obstacles. The objective of the terrain model acquisition algorithm is to perform a scan operation from every node of the RVG which guarantees that the entire free-space is seen.
The overall algorithm for a team of n robots is based on the robots executing a graph search algorithm in a cooperative manner. At any step, each robot has the same version of an incomplete RVG.
For the team of robots R I , Rz, . . . , R,, let RI have the highest priority, Rz have second highest priority, and so on. Each robot performs a scan operation and obtains the resultant visibility polygon. Each robot 
Two-Robot Team
Due to the connectivity of the RVG, R1 is guaranteed to find a destination at each step. In order that the above algorithm be executed, we need to establish that R2 can always find its destination. The required property is the 2-connectedness of the RVG which is established next for convex polygonal terrains. The claim is true individually for the sets of vertices of Pk+1 and vertices of RVCk. Now consider the properties between the vertices of Pk+1 and RVGk. There are at least two edges between the vertices of Pk+l and the vertices of RVGk+l as illustrated in Fig. 3 . Any node U can be included in a path between V I and v2 of Pk+1 by using the path V I , u1, U , u2, v2. Similarly any node v can be included in a path between pair 201 and w2 of RVGk as follows. By Theorem 5.14 of Harary [4] , there are two node disjoint paths joining w1 to u1 and w2 to u2 (since by hypothesis RGVk is 2-connected); then the required path is given by wl, u1, w l , v, v2, u2, wz. An almost identical argument shows the second part of (a) that a chosen vertex can be excluded from the path between two vertices.
To prove Part (b), we observe that the 2-connectivity among the nodes of Pk+l is trivially satisfied. We now show that the required 2-connectivity among the nodes of RVGk is preserved since no paths are broken by Pk+l, and any pair of vertex disjoint paths intersecting Pk+l can be rerouted along the two opposit,e sides of Pk+l so as to preserve vertex disjointedness. First note that if two vertex disjoint paths are intersected by Pk+l, then Pk+l intersects two edges e l and e2 of the paths. There are two cases. If el and e2 do not intersect, then the rerouting is simple as shown in Fig. 4(a) . If e l = (~1 1~~1 2 2 ) and e2 = (1112, v21) intersect, then the intersection can be removed by switching the paths as shown in Fig. 4(b) . Here we connect u11 to v21 as follows (the other path is similarly constructed): rotate e l around u11 in the direction of until w21 is reached or a new obstacle vertex a is reached; in the latter case the process is repeated. 
Three-Robot Team
The extended visibility graph (EVG) is the RVG augmented as follows. Consider the convex hull of the terrain which is the smallest convex region tha.t contains all obstacles. The extended hull is obtained by expanding the convex hull by a fixed non-zero amount. Then the vertices of the RVG on the convex hull are connected to the corresponding vertices on the extended hull as shown in Fig. 6 . Note that the degree of all vertices in the EVG must be at least 3. To prove the main theorem we need the following result. 
Lemma 2 The EVG of a terrain cluttered by a finite number of convex polygonal obstacles is %connected,

i. e. there exist three vertex disjoint paths between any pair of vertices.
Proof: Any two vertices of U and U of the EVG fall into one of the situations described below: (i) Both U and w belong to the RVG: Note that the RVG is the EVG minus the extended hull. Consider the convex hull of the polygons containing U and v . Remove all the obstacles that are outside this convex hull. Since the RVG of the resultant graph is 2-connected there must be two vertex disjoint paths between U and v without going through the extended hull. Then shrink the polygons containing U and v to point polygons and connect U and v to vertices on the extended hull such that the connecting edges are outside the above convex hull. Then there is a third vertex disjoint path between U and v along the periphery of the extended hull. Now expand the point polygons a t U and v and restore the removed polygons. Then reroute the paths between U (and also w) and the extended hull along the boundaries of the restored and expanded polygons. The resultant path between U and v will be vertex disjoint from the two paths on the RVG.
(ii) Both U and v are on the extended hull: Let U' and d be the vertices of the RVG corresponding to U and w respectively. There are two vertex disjoint paths between U and v along the boundary of the extended hull and the third path can be obtained by the shortest path between U' and v ' which is guaranteed to be vertex disjoint from the boundary paths.
(iii) One of U and v belongs to extended hull and the other belongs to the RVG: Let U be on the extended hull. Then the shortest path on EVG between U and v provides us with one path. We obtain two more vertex disjoint paths along the boundary of extended hull as follows. Extend the last edge of the path to the other side of U. Then rotate this extended ray around v once to the clockwise direction and once in the anti-clockwise direction. Stop the rotation when first obstacle or extended hull vertex is encountered; if it is an obstacle vertex then rotate the segment around the vertex in the same direction. This process is continued until a vertex on the convex hull is reached; then this vertex is connected to its corresponding vertex on the extended hull. It is easy to see that the paths obtained by clockwise and anti-clockwise rotations are vertex disjoint since the obstacles are convex. Then two paths along the boundary of the extended hull are easily constructed as shown in Fig. 7 . 17 For n = 3, the 3-connectivity ensures that RI, R2, 
Tree and 2-Connected Components
The RVG for a polygonal terrain can be decomposed into trees and 2-connected components (see Fig. 5 ).
First consider a team of robots exploring a tree.
Notice that in a worst case, d(T) is the minimum time required to explore a tree T by a team of two robots.
The strategy is for both robots to stay together until the first opportunity occurs to move along two edges of a tree. While the robots are in two different branches of the tree, sensor operations are done in parallel. At the same time the robots will not be together for more than d ( T ) time since the diameter is the longest possible distance (in terms of sensor operations) that the robots will stay together without branching off. To see this, assume that it is not true, then we have sequences of paths (without branching ) whose total length is longer than d ( T ) ; since the tree is connected and has no cycles, the union of these paths constitutes a path of length larger than d(T), which is a contradiction. Thus I T 1 -d ( T ) scan operations are performed while the robots are not together. Hence, the sensing time required to explore a tree is upper-bounded by 
Polygonal Terrains
First consider the case n = 2 in detail. We identify the 2-connected component corresponding to the initial location. Then we remove this component and all trees that are emanating from it, and identify the 2-connected components at the next level. The same process is repeated to identify the next levels of 2-connected components as shown in Fig. 9(c) .
There are two types of trees. strictly belong to one level. In Fig. 9(d) , the left and right trees belong t o the former type and the middle one belongs t o the second type. We obtain a hierarchy tree from the RVG by condensing each 2-connected component of the hierarchical decomposition to a node and removing the trees of second kind. The resultant tree is denoted by TO.
The robots explore different trees until there is at most one tree left to be (possibly partially) explored concurrently at the current level of the hierarchy. Notice that the end points of trees can be recognized by a local concavity, but a local concavity does not necessarily indicate the presence of a tree.
Let the 2-connected components and trees of this decomposition be denoted by (C1,C2, 
The size of the tree that is left to be explored last is
upper-bounded by max
I T / -
I T 1 where the
maximum is taken over' ail sets I knd j such that We now turn to the case n = 3 . The EVG can be decomposed into 3-connected components C;, C;, and trees T I , T2, . . . . Tni. By following the case n = 2 an upperbound for the present case can be obtained. for the case n = 3.
Notice that for terrains with convex polygonal ob- [a] guarantee that the distance traversed by a single robot is bounded by a factor times the minimum possible value achieved if the terrain model is available.
Improving the performance of this type of algorithms by employing a team of robots will be of future interest.
